Given two pairs u, v and x, y of vertices of a graph G = (V , E) and two integers l 1 and l 2 with l 1 + l 2 = |V (G)| − 2, G is said to be satisfying the 2RP-property if there exist two disjoint paths P 1 and P 2 such that (1) P 1 is a path joining u to v with l(P 1 ) = l 1 , (2) P 2 is a path joining x to y with l(P 2 ) = l 2 , and (3) P 1 ∪ P 2 spans G, where l(P ) denotes the length of path P . In this paper, we show that an r-dimensional generalized hypercube, 
Introduction
The topological structure of a multiprocessor system can be modeled by an interconnection network (or a graph), and the interconnection network plays an important role in some issues such as communication performance [3] , hardware cost [1] , embedding and fault tolerant capabilities [10, 16, 21] and those are all driven by a mathematical model. Paths are suitable for designing simple algorithms with low communication costs. The path embedding problem is a very important issue for a network and is widely discussed in many researches [2, 5, 6, 8, 15, 18, 19] . Generally, an interconnection network can be modeled by a graph, and edges (respectively, vertices) in the graph represent links (respectively, nodes) in the interconnection network.
An interconnection network is usually represented by an undirected simple graph G = (V , E), where V (G) and E(G)
denote the vertex and edge sets of G, respectively. An edge between two vertices u and v in G is denoted by (u, v) . For two distinct vertices u, v ∈ V (G), u and v are adjacent if (u, v) ∈ E(G). A path in G is a sequence of edges that connect adjacent vertices. A Hamiltonian path is a path that contains every vertex of G exactly once. A graph G is Hamiltonian-connected if every two distinct vertices of G are connected by a Hamiltonian path. A graph G is k-vertex fault-tolerant Hamiltonianconnected (k-Hamiltonian-connected for short) if it remains Hamiltonian-connected after removing no more than k vertices from G.
The interconnection network considered in this work is the generalized hypercube which has excellent topological properties, such as logarithmic diameter [12] , vertex-symmetry [12] , edge-symmetry [12] , efficient communication [7, 12, 22] and high degree of fault tolerance [21] . Some basic properties of a generalized hypercube, such as diameter, wide diameter, and fault diameter have been determined in [4] .
In [13] , Lee et al. introduced an interesting property, called 2RP-property, as described below. Let l(P ) denote the length of a path P , i.e., the number of edges which connect adjacent vertices in P . The distance between vertices u and v in G, denoted by d G (u, v) , is the minimum l(P ) for every P joining u and v. Given any four distinct vertices u, v, x, and y in a graph G, let l 1 and l 2 be two integers such that l 1 d G (u, v) , l 2 d G (x, y), and l 1 + l 2 = |V (G)| − 2. Then, there exist two vertex-disjoint (disjoint for short) paths P 1 and P 2 such that (1) P 1 is a path joining u and v with l(P 1 ) = l 1 ; (2) P 2 is a path joining x and y with l(P 2 ) = l 2 , and (3) P 1 ∪ P 2 spans G. Two paths are vertex-disjoint if they do not share any common vertex. The 2RP-property has been studied on various graphs, such as hypercubes [13] , augmented cubes [14] , arrangement graphs [20] and others [11, 17] . Since generalized hypercubes are a generalization of hypercubes, this work further shows that generalized hypercubes satisfy 2RP-property.
The rest of this paper is organized as follows. Section 2 formally introduces the definition and some properties of generalized hypercubes. Section 3 defines the 2RP-property for generalized hypercubes and proves that generalized hypercubes satisfy the 2RP-property. Conclusions are finally drawn in Section 4.
Background and notations
This section discusses the structure and some properties of generalized hypercubes. Some notations frequently used in this work are also presented.
Generalized hypercubes
Generalized hypercubes are a generalization of hypercubes [1] which were proposed for building massively parallel (2, 3, 4) . Fig. 1 shows the structure of G(4, 3, 2). In Fig. 1 
Some properties of generalized hypercube graphs
This section addresses some properties of generalized hypercubes, and proves that it is a 1-Hamiltonian-connected graph. [9] 
Lemma 1. (See
Without loss of generality, we may assume that [1] ). We consider the following two cases.
Without loss of generality, assume that σ k+1 ( f ) = 2, and thus f is included in G k+1 [2] . (1) , [2] . By the induction hypothesis, there exists a 1-Hamiltonian path p (2) , H 3 , q (2) in G k+1 [2] without containing the faulty vertex f . Combining H 1 , H 2 and H 3 , this results in a 1-Hamiltonian path u, H 1 , p (0) , p (2) , H 2 , q (2) , q (1) (2) in G k+1 [2] \{ f } such that p (0) = u and q (2) is included in G k+1 [2] \{ f , p (2) }. The discussions depend on the locations of q (1) and q (0) . When q (1) = v, the proof is the same as that in Case 1.1. When q (1) = v and q (0) = u, by Lemma 1, there exists a Hamiltonian path p (1) (2) , p (2) , p (1) , H, v is the Hamiltonian path in G(m k+1 , m k , . . . ,m 1 )\{ f } as shown in Fig. 3 . When q (1) = v and q (0) = u, by Lemma 1, there exists a Hamiltonian path f (1) [2] . Hence, u, q (2) , p (2) , Fig. 4 . (2) , 
In the rest of this paper, we may assume without loss of generality that l 1 l 2 unless stated otherwise. Then, there exist two disjoint paths P 1 and P 2 such that (1) P 1 is a path joining u to v with l(P 1 ) = l 1 ; (2) P 2 is a path joining x to y with l(P 2 ) = l 2 , and (3)
Note that if l 1 = 2, then it requires that there is a path P 1 of length 2 from u to v. In this case, P 1 must pass through a vertex in
This implies that P 1 and P 2 are not disjoint. (4, 4) in which none of u, v, x and y is in it, and we can construct P 1 of lengths from 3 to 5 by only using the vertices in this K 4 and u and v. To construct P 1 of lengths 6 and 7, adding one vertex in each remaining K 4 to the above selected vertices on constructing a P 1 of length 5. Now we consider the case where the Hamming distance between u and v is 2. This implies that u and v are in two different K 4 . Clearly, there is a P 1 of length 2 from u to v. If x and y are in the same K 4 , then there exists a K 4 in which none of u, v, x and y is in it, and we can construct P 1 of lengths from 3 to 5 by using the vertices in this K 4 . If x and y are in the same K 4 containing u (respectively, v), then all vertices in the K 4 containing v (respectively, u) as well as the vertices for constructing P 1 of length 5 can be used to construct P 1 of lengths 6 and 7. If each K 4 contains a vertex in {u, v, x, y}, then, by using the vertices in those two K 4 containing u and v, a P 1 of lengths from 2 to 7 can be constructed.
By inspection, it is easy to verify that, after removing the vertices in P 1 from G(4, 4), there exists a P 2 of length l 2 . This completes the proof. 
v, x and y be four arbitrary distinct vertices in G. Since x = y, there exists
Without loss of generality, we may assume that l = k + 1 and that [1] ). Five cases need to be considered as follows. [2] , v in G k+1 [3] . Three subcases are necessary to be discussed depending on the values of d G (u, v) and l 1 . Note that, based on the number of vertices in G k+1 [x] , the length of l 1 can be separated to
and a (1) , Q , y in G k+1 [1] . (1) , Q 2 , y for some vertices b (1) and c (1) such that {b (2) , c (2) } ∩ {u} = ∅. According to Lemma 2, there is a Hamiltonian path b (2) , R, c (2) in G k+1 [2] \{u}, and R can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) . By Lemma 2, there is a Hamiltonian path d (3) , S, e (3) in (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y , and P 1 and P 2 are the required paths as shown in Fig. 5 . (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y , and P 1 and P 2 are the required paths as shown in Fig. 6 . For 3 l 1 4
k − 1, there are two vertices a (2) ∈ N G k+1 [2] (u) and
there are two Hamiltonian paths H in G k+1 [0] and Q in G k+1 [1] such that H joins x and b (0) , and Q joins b (1) and y. Since l(Q ) = 4 k − 1, Q can be written as b (1) , Q 1 , c (1) , d (1) , Q 2 , y for some vertices c (1) and d (1) such that {c (2) , d (2) } ∩ {u, a (2) } = ∅. By the induction hypothesis, there exist two disjoint paths R 1 and R 2 such that (1) R 1 is a path joining u and a (2) with l(R 1 ) = 1; (2) R 2 is a path joining c (2) and d (2) with l(R 2 ) = 4 k − 3, and (3) [2] . By Lemma 4, R 2 can be written as c (2) , R 21 , e (2) , f (2) , R 22 , d (2) for some vertices e (2) and f (2) such that N G k+1 [3] (v) ∩ N G k+1 [3] (a (3) ) = {e (3) , f (3) } and {v, a (3) } ∩ {e (3) , f (3) } = ∅. By the induction hypothesis, there exist two disjoint paths S 1 and S 2 such that (1) S 1 is a path joining a (3) and v with l(S 1 ) = l 1 − 2; (2) S 2 is a path joining e (3) and f (3) (1) , c (2) , R 21 , e (2) , e (3) , S 2 , f (3) , f (2) , R 22 , d (2) , d (1) , Q 2 , y are the required paths as shown in Fig. 7 . (3) , v}. By Lemma 1, there are two Hamiltonian paths H in G k+1 [0] and Q in G k+1 [1] such that H joins x and a (0) , and Q joins a (1) and y. Since l(Q ) = 4 k − 1, Q can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) such that {b (2) , c (2) } ∩ {u} = ∅. By Lemma 2, there is a Hamiltonian path b (2) , R, c (2) in G k+1 [2] \{u}. By Lemma 4, R can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) such that N G k+1 [3] (v) ∩ N G k+1 [3] (u (3) ) = {d (3) , e (3) } and {v, u (3) } ∩ {d (3) , e (3) } = ∅. By the induction hypothesis, there exist two disjoint paths S 1 and S 2 such that (1) S 1 is a path joining v and u (3) with l(S 1 ) = l 1 − 1; (2) S 2 is a path joining d (3) and e (3) 
, and (3) S 1 ∪ S 2 spans G k+1 [3] . Hence, (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 8 .
For l 1 = 4 k − 1, there is a Hamiltonian path u (3) , S, v in G k+1 [3] \{a (3) } by Lemma 2. Hence, P 1 = u, u (3) , S, v and (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 9 . [1] . Since l(Q ) = 4 k − 1, Q can be written as b (1) , Q 1 , c (1) , d (1) , Q 2 , y for some vertices c (1) and d (1) such that {c (2) , d (2) } ∩ {u, a (2) } = ∅. By the induction hypothesis, there exist two disjoint paths u, R 1 , a (2) and c (2) , R 2 , d (2) with l(R 1 ) = 1 and l(R 2 ) = 4 k − 3 such that R 1 ∪ R 2 spans G k+1 [2] . By Lemma 2, there exists a Hamiltonian path a (3) , S, v in G k+1 [3] \{b (3) }. Hence, P 1 = u, R 1 , a (2) , a (3) , S, v and (2) , d (1) , Q 2 , y are the required paths as shown in Fig. 10 . For 4
by Lemma 4, Q can be written as b (1) , Q 1 , c (1) , d (1) , Q 2 , y for some vertices c (1) and d (1) such that N G k+1 [2] (u) ∩ N G k+1 [2] (a (2) ) = {c (2) , d (2) } and {u, a (2) } ∩ {c (2) , d (2) } = ∅. By the induction hypothesis, there exist two disjoint paths u, R 1 , a (2) and c (2) [2] . By Lemma 1, there exists a Hamiltonian path a (3) , S , v in G k+1 [3] . Hence, P 1 = u, R 1 , a (2) , a (3) , S , v and (2) , d (1) , Q 2 , y are the required paths as shown in Fig. 11 . For l 1 = 2(4 k ) − 2, there is a Hamiltonian path u, R, a (2) in G k+1 [2] by Lemma 1. Hence, P 1 = u, R, a (2) , a (3) , S, v and (3) , b (1) , Q , y are the required paths as shown in Fig. 12 .
For
, Q , y are the required paths as shown in Fig. 13 . [1] and G k+1 [2] , respectively. Three subcases are necessary to be discussed depending on the values of d G (u, v) and l 1 . (1) , Q , y in G k+1 [1] \{u}. Besides, Q can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) . By Lemma 2, there exists a Hamiltonian path b (2) , R, c (2) in G k+1 [2] \{v}. Besides, R can be written as (2) for some vertices d (2) and e (2) . By Lemma 1, there is a Hamiltonian path d (3) , S, e (3) in G k+1 [3] . (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y , and P 1 and P 2 are the required paths as shown in Fig. 14. For l 1 = 2, we have P 1 = u, u (3) , v . By Lemma 2, there is a Hamiltonian path d (3) , S , e (3) in G k+1 [3] \{u (3) }. Hence, (2) , d (3) , S , e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y , and P 1 and P 2 are the required paths as shown in Fig. 15 [1] . By Lemma 4, Q 2 can be written as b (1) , Q 21 , c (1) , d (1) , Q 22 , y for some vertices c (1) and d (1) such that N G k+1 [2] (v) ∩ N G k+1 [2] (a (2) ) = {c (2) , d (2) } and {v, a (2) } ∩ {c (2) , d (2) } = ∅. By the induction hypothesis, there exist two disjoint paths a (2) , R 1 , v and c (2) , [2] . R 2 can be written as c (2) , R 21 , e (2) , f (2) , R 22 , d (2) for some vertices e (2) and f (2) . If l(R 2 ) = 1, then e (2) = c (2) and f (2) = d (2) . By Lemma 1, there is a Hamiltonian path e (3) , S, f (3) in G k+1 [3] . Hence, (1) , c (2) , R 21 , e (2) , e (3) , S, f (3) , f (2) , R 22 , d (2) , d (1) , Q 22 , y are the required paths as shown in Fig. 16 . (1) , Q , y in G k+1 [1] \{u}. By Lemma 4, Q can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) such that N G k+1 [2] (v) ∩ N G k+1 [2] (u (2) ) = {b (2) , c (2) } and {v, u (2) } ∩ {b (2) , c (2) } = ∅. By the induction hypothesis, there exist two disjoint paths u (2) , R 1 , v and b (2) , R 2 , c (2) [2] . Besides, R 2 can be written as b (2) , R 21 , d (2) , e (2) , R 22 , c (2) for some vertices d (2) and e (2) . If l(R 2 ) = 1, then d (2) = b (2) and e (2) = c (2) . By Lemma 1, there is a Hamiltonian path d (3) , S, e (3) in G k+1 [3] . Hence, P 1 = u, u (2) , R 1 , v and (2) , d (3) , S, e (3) , e (2) , R 22 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 17 .
For l 1 = 4 k − 1, there is a Hamiltonian path u (2) , R, v in G k+1 [2] \{c (2) } by Lemma 2. By Lemma 1, there is a Hamiltonian path b (3) , S , c (3) in G k+1 [3] . Hence, P 1 = u, u (2) , R, v and (2) , c (1) Q 2 , y are the required paths as shown in Fig. 18 . [1] (a (1) ))| = 2, we have |N G k+1 [1] (y) − (N G k+1 [1] (u) ∩ N G k+1 [1] (a (1) ))| 3k − 2 4. Thus, there is a vertex b (1) ∈ N G k+1 [1] (y) − (N G k+1 [1] (u) ∩ N G k+1 [1] (a (1) )) in G k+1 [1] \{u, a (1) } such that b (0) = x. By Lemma 1, there is a Hamiltonian
. By the induction hypothesis, there exist two disjoint paths u, Q 1 , a (1) and b (1) , Q 2 , y [1] . Since l(Q 2 ) = 4 k − 3, Q 2 can be written as b (1) , Q 21 , c (1) , d (1) , Q 22 , y for some vertices c (1) and d (1) such that d (2) = v. By Lemma 2, there is a Hamiltonian path a (2) , R, v in G k+1 [2] \{d (2) }. By Lemma 1, there is a Hamiltonian path c (3) , S, d (3) in G k+1 [3] . Hence, P 1 = u, Q 1 , a (1) , a (2) , R, v and P 2 = x, H, b (0) , b (1) , Q 21 , c (1) , c (3) , S, d (3) , d (2) , d (1) , Q 22 , y are the required paths as shown in Fig. 19 .
For 4 [1] (a (1) ) = {b (1) , y}, by the induction hypothesis, there exist two disjoint paths u, Q 1 , a (1) and b (1) , G k+1 [1] . By Lemma 1, there is a Hamiltonian path a (2) , R , v in G k+1 [2] . Hence, P 1 = u, Q 1 , a (1) , a (2) , R , v and P 2 = x, H, b (0) , b (1) , Q 21 , c (1) , c (3) , S, d (3) , d (1) , Q 22 , y are the required paths as shown in Fig. 20 .
For l 1 = 2(4 k ) − 2, there are two vertices a (1) in G k+1 [1] \{u, y} and b (0) in G k+1 [0] \{x} such that b (1) / ∈ {y, a (1) }. By Lemma 1, there are Hamiltonian paths a (2) , R , v in G k+1 [2] and b (3) , S , y (3) in G k+1 [3] . By Lemma 2, there is a
Hamiltonian path u, Q , a (1) in G k+1 [1] \{y}. Hence, P 1 = u, Q , a (1) , a (2) , R , v and P 2 = x, H, b (0) , b (3) , S , y (3) , y are the required paths as shown in Fig. 21 . For l 1 = 2(4 k ) − 1, there is a Hamiltonian path b (3) , S , y (3) in G k+1 [3] \{a (3) } by Lemma 2. Hence, P 1 = u, Q , a (1) , a (3) , a (2) , R , v and P 2 = x, H, b (0) , b (3) , S , y (3) , y are the required paths as shown in Fig. 22 .
k+1 (y) = 1 such that u and v are included in G k+1 [0] and G k+1 [1] , respectively. Three cases are necessary to be discussed depending on the values of d G (u, v) and l 1 . (1) , Q , y in G k+1 [1] \{v}. Q can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) . By Lemma 1, there is a Hamiltonian path b (2) , R, c (2) in G k+1 [2] which can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) . By Lemma 1, there is a Hamiltonian path d (3) , S, e (3) in G k+1 [3] . Hence, (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y , and P 1 and P 2 are the required paths as shown in Fig. 23 .
For l 1 = 2, by Lemma 2, there is a Hamiltonian path b (2) , R , c (2) in G k+1 [2] \{u (2) } which can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) . Hence, P 1 = u, u (2) , v and P 2 = x, H, a (0) , a (1) , Q 1 , b (1) , b (2) , R 1 , d (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 24 .
}, by the induction hypothesis, there exist two disjoint paths u,
. Again, by the induction hypothesis, there exist two disjoint paths f (1) , Q 1 , v and g (1) , [1] . Besides, Q 2 can be writ- ten as g (1) , Q 21 , b (1) , c (1) , Q 22 , y for some vertices b (1) and c (1) . Hence, (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 22 , y are the required paths as shown in Fig. 25 . (1) , v (0) }, we have {u (1) , v (0) } = {x, y}. Without loss of generality, assume that u (1) = y. There are two vertices a (1) / ∈ N G k+1 [1] (u (1) ) ∩ N G k+1 [1] (v) in G k+1 [1] \{u (1) , v, y, x (1) }, and b (2) in G k+1 [2] \{a (2) }. By the induction hypothesis, there exist two disjoint paths u (1) , Q 1 , v and a (1) , Q 2 , y with l(Q 1 ) = l 1 − 1 and l(Q 2 ) = [1] . By Lemma 2, there is a Hamiltonian path x, H, a (0) in G k+1 [0] \{u}. By Lemma 1, there are two Hamiltonian paths a (2) , R, b (2) in G k+1 [2] and a (3) , S, b (3) in G k+1 [3] . Hence, P 1 = u, u (1) , Q 1 , v and P 2 = x, H, a (0) , a (3) , S, b (3) , b (2) , R, a (2) , a (1) , Q 2 , y are the required paths as shown in Fig. 26 .
then the proof is the same as the situation that (1) , and d (2) such that [1] (a (1) 
. Again, by the induction hypothesis, there exist two disjoint paths a (1) , Q 1 , v and c (1) , [1] . By Lemma 1, there are two Hamiltonian paths c (2) , R, d (2) in G k+1 [2] and b (3) , S, d (3) in G k+1 [3] . Hence, (2) , R, c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 27 . (1) , Q , y in G k+1 [1] \{v}. By Lemma 4, Q can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) such that N G k+1 [2] (u (2) ) ∩ N G k+1 [2] (v (2) ) = {b (2) , c (2) } and {u (2) , v (2) } ∩ {b (2) , c (2) } = ∅. By the induction hypothesis, there exist two disjoint paths u (2) , R 1 , v (2) and b (2) , R 2 , c (2) [2] . Besides, R 2 can be written as b (2) , R 21 , d (2) , e (2) , R 22 , c (2) for some vertices d (2) and e (2) . By Lemma 1, there is a Hamiltonian path d (3) , S, e (3) in G k+1 [3] . Hence, P 1 = u, u (2) , R 1 , v (2) , v and P 2 = x, H, a (0) , a (1) , Q 1 , b (1) , b (2) , R 21 , d (2) , d (3) , S, e (3) , e (2) , R 22 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 28 . (1) ∈ N G k+1 [1] (v) − {y} and b (1) in G k+1 [1] \{v, a (1) [1] in which Q 2 can be written as b (1) , Q 21 , c (1) , d (1) , Q 22 , y . By Lemma 1, there are two
Hamiltonian paths c (2) , R, d (2) in G k+1 [2] and x (3) , S, b (3) in G k+1 [3] . Hence, (3) , S, b (3) , b (1) , Q 21 , c (1) , c (2) , R, d (2) , d (1) , Q 22 , y are the required paths as shown in Fig. 29 .
there exists a Hamiltonian path b (1) , Q , y in G k+1 [1] \{v} by Lemma 2. By Lemma 4, Q can be written as b (1) , Q 1 , c (1) , d (1) , Q 2 , y for some vertices c (1) and d (1) such that N G k+1 [2] (a (2) ) ∩ N G k+1 [2] (v (2) ) = {c (2) , d (2) } and {a (2) , v (2) } ∩ {c (2) , d (2) } = ∅. By the induction hypothesis, there exist two disjoint paths a (2) , R 1 , v (2) and c (2) , R 2 , d (2) (3) , S, b (3) , b (1) , Q 1 , c (1) , c (2) , R 2 , d (2) , d (1) , Q 2 , y are the required paths as shown in Fig. 30 .
For l 1 = 2(4 k ) − 2, there is a Hamiltonian path a (2) , R , v (2) of G k+1 [2] \{b (2) } by Lemma 2. Hence, (2) , v and P 2 = x, x (3) , S, b (3) , b (2) , b (1) , Q , y are the required paths as shown in Fig. 31 .
For l 1 = 2(4 k ) − 1, there is a Hamiltonian path a (2) , R , v (2) in G k+1 [2] by Lemma 1. Hence, P 1 = u, H, a (0) , a (2) , R , v (2) , v and P 2 = x, x (3) , S, b (3) , b (1) , Q , y are the required paths as shown in Fig. 32 .
Without loss of generality, assume that σ k+1 (u) = σ k+1 (v) = 2 such that u and v are both included in G k+1 [2] . (1) , Q , y in G k+1 [1] . By Lemma 4, Q can be written as a (1) , Q 1 , d (1) , e (1) , Q 2 , y for some vertices d (1) and e (1) such that N G k+1 [2] (u) ∩ N G k+1 [2] (v) = {d (2) , e (2) } and {u, v} ∩ {d (2) , e (2) } = ∅. By the induction hypothesis, there exist two disjoint paths u, R 1 , v and d (2) , R 2 , e (2) with l( that R 1 ∪ R 2 spans G k+1 [2] . By Lemma 1, there is a Hamiltonian path b (3) , S, c (3) in G k+1 [3] . Hence, (2) , e (1) , Q 2 , y are required paths as shown in Fig. 33 .
For l 1 = 4 k − 2, there is a Hamiltonian path u, R, v in G k+1 [2] \{a (2) } by Lemma 2. Hence, P 1 = u, R, v and P 2 = x, H 1 , b (0) , b (3) , S, c (3) , c (0) , H 2 , a (0) , a (2) , a (1) , Q , y are the required paths as shown in Fig. 34 . For l 1 = 4 k − 1, there is a Hamiltonian path u, R , v in G k+1 [2] by Lemma 1. Hence, (1) , Q , y are the required paths as shown in Fig. 35 .
, obviously, path R can be written as u, R 1 , f (2) , g (2) , R 2 , v for some vertices f (2) and g (2) . By Lemma 4, H can be written as x, H 1 , b (0) , c (0) , H 2 , a (0) for some vertices b (0) and c (0) such that N G k+1 [3] ( f (3) ) ∩ N G k+1 [3] (g (3) ) = {b (3) , c (3) } and { f (3) , g (3) } ∩ {b (3) , c (3) } = ∅. By the induction hypothesis, there exist two disjoint paths f (3) , S 1 , g (3) and [3] . Hence, (2) , f (3) , S 1 , g (3) , g (2) , R 2 , v and (2) , a (1) , Q , y are the required paths as shown in Fig. 36 .
there is a Hamiltonian path f (3) , S , g (3) in G k+1 [3] \{a (3) } by Lemma 2. Hence, (2) , f (3) , S , g (3) , g (2) , R 2 , v and P 2 = x, H, a (0) , a (3) , a (2) , a (1) , Q , y are the required paths as shown in Fig. 37 .
For l 1 = 2(4 k ) − 2, there exist a Hamiltonian path f (3) , S , g (3) in G k+1 [3] by Lemma 1. Hence, P 1 = u, R 1 , f (2) , f (3) , S , g (3) , g (2) , R 2 , v and P 2 = x, H, a (0) , a (2) , a (1) , Q , y are the required paths as shown in Fig. 38 . For l 1 = 2(4 k ) − 1, obviously, path R can be written as u, R 1 , f (2) , g (2) , R 2 , v for some vertices f (2) and g (2) . Hence, (2) , f (3) , S , g (3) , g (2) , R 2 , v and P 2 = x, H, a (0) , a (1) , Q , y are the required paths as shown in Fig. 39 . 
. By Lemma 1, there is a Hamiltonian path a (1) , Q , y in G k+1 [1] which can be written as a (1) , Q 1 , b (1) , c (1) , Q 2 , y for some vertices b (1) and c (1) . By Lemma 1, there is a Hamiltonian path R in G k+1 [2] joining b (2) and c (2) , and R can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) . Again, by Lemma 1, there is a Hamiltonian path d (3) , S, e (3) in G k+1 [3] . Hence, P 1 = u, H 1 , v and P 2 = x, H 2 , a (0) , a (1) , Q 1 , b (1) , b (2) , R 1 , d (2) , d (3) , S, e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 40 (3) , S , a (3) in G k+1 [3] . Hence, P 1 = u, H, v and P 2 = x, x (3) , S , a (3) , a (1) , Q 1 , b (1) , b (2) , R, c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 41 (0) . By Lemma 4, R can be written as b (2) , R 1 , d (2) , e (2) , R 2 , c (2) for some vertices d (2) and e (2) such that N G k+1 [3] ( f (3) ) ∩ N G k+1 [3] (g (3) ) = {d (3) , e (3) } and { f (3) , g (3) } ∩ {d (3) , e (3) } = ∅. By the induction hypothesis, there exist two disjoint paths f (3) , S 1 , g (3) and d (3) , S 2 , e (3) with l(S 1 ) = l 1 − 4 k + 2 and l(S 2 ) = 4 k − 2 − l(S 1 ) such that S 1 ∪ S 2 spans G k+1 [3] . Hence, P 1 = u, H 11 , f (0) , f (3) , S 1 , g (3) , g (0) , H 12 , v and P 2 = x, H 2 , a (0) , a (1) , Q 1 , b (1) , b (2) , R 1 , d (2) , d (3) , S 2 , e (3) , e (2) , R 2 , c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 42 . For l 1 = 2(4 k ) − 4, there is a Hamiltonian path f (3) , S , g (3) in G k+1 [3] \{a (3) } by Lemma 2. Hence, P 1 = u, H 11 , f (0) , f (3) , S , g (3) , g (0) , H 12 , v and P 2 = x, H 2 , a (0) , a (3) , a (1) , Q 1 , b (1) , b (2) , R, c (2) , c (1) , Q 2 , y are the required paths as shown in For l 1 = 2(4 k ) − 3, there is a Hamiltonian path f (3) , S , g (3) in G k+1 [3] by Lemma 1. Hence, P 1 = u, H 11 , f (0) , f (3) , S , g (3) , g (0) , H 12 , v and P 2 = x, H 2 , a (0) , a (1) , Q 1 , b (1) , b (2) , R, c (2) , c (1) , Q 2 , y are the required paths as shown in Fig. 44 . and g (0) such that g (2) = a (2) . By Lemma 1, there is a Hamiltonian path x (2) , R , a (2) in G k+1 [2] . Hence, P 1 = u, H 1 , f (0) , f (3) , S , g (3) , g (0) , H 2 , v and P 2 = x, x (2) , R , a (2) , a (1) , Q , y are the required paths as shown in Fig. 45 .
For l 1 = 2(4 k ) − 1, there is a Hamiltonian path x (2) , R , a (2) in G k+1 [2] \{g (2) } by Lemma 2. Hence, P 1 = u, H 1 , f (0) , f (3) , S , g (3) , g (2) , g (0) , H 2 , v and P 2 = x, x (2) , R , a (2) , a (1) , Q , y are the required paths as shown in Fig. 46. 2 1-Hamiltonian-connected property, our study shows that G(m r , m r−1 , . . . ,m 1 ) satisfies the 2RP-property, where m i 4 for all 1 i r. As a further study, it is interesting to investigate the 3RP-property of a graph G. That is, let u, v , w, x and y, z be three pairs of distinct vertices and l 1 , l 2 and l 3 be three integers with l 1 + l 2 + l 3 = |V (G)| − 3. A graph satisfies the 3RP-property if there exist three disjoint paths P 1 , P 2 and P 3 such that (1) P 1 is a path joining u to v with l(P 1 ) = l 1 ; (2) P 2 is a path joining w to x with l(P 2 ) = l 2 ; (3) P 3 is a path joining y to z with l(P 3 ) = l 3 , and (4) P 1 ∪ P 2 ∪ P 3 spans G.
